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1. INTRODUCTION 
Let C(E, F) denote the set of all continuous mappings of a topolog- 
ical space E into a topological space F, and let @ E C(C, C). Given 
fcC(E,C), @oofd eno es, t as usual, the composition of @ and f, i.e. 
P of)(x) = @(f(4) @ E a 
A subset A of C(E, C) is said to be stable under @ if 
fEA*cDoofEA. 
We are concerned with theorems of the following kind, which we 
shall call stab&y theorems: A is given to satisfy certain algebraic 
and topological conditions and to be stable under a given function @, 
and conclusions are drawn about A, for example that A = C(E, C) 
or that A is stable under some large class of functions. 
The most familiar stability theorem is the Stone-Weierstrass 
theorem. Here E is compact, A is a uniformly closed subalgebra of 
C(E, C) containing the constant functions and separating the points 
of E, @ is the function Q(l) = 5 (the complex conjugate of {), and 
stability of A under Q, implies that A = C(E, C). There are many 
other stability theorems in the literature, including the present 
author’s results on closed semi-algebras of types zero, one, and two 
i.e. closed semi-algebras stable under the functions (1 + x)-l, 
x(1 + x)-l, x2(1 + x)-’ respectively ([I], [2], [3]). See also Gavin 
Brown [4j and S. Guber ([.5], [a). 
Our present purpose is not to add to the catalogue of special 
* Some of the results described in this article were obtained while the author was 
visiting Yale University and partially supported by NSF Grant GP-5493. 
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stability theorems, but rather to obtain some general stability theorems 
concerning functions @ with prescribed behaviour at infinity. 
K. de Leeuw and Y. Katznelson [7] prove (in slightly different 
notation) that a closed subalgebra of C(E, C) that is stable under a 
non-entire function @ is self-adjoint. An earlier version of the present 
paper contained incomplete results in this direction, and the author is 
grateful to J. Wermer for drawing his attention to the reference [7]. 
What we believe to have been the first general stability theorem for 
cones and semi-algebras is due to J. D. Pryce [8], who considered 
closed cones in C(E, Rf) stable under a function @ E C(R+, R+) that 
is increasing and convex and satisfies Q(O) = 0 and 
$irn @(x) - (x - 1) = 0. 
among the functions @ with these properties is the function x2( 1 + x)-l, 
and so Pryce’s stability theorem constituted a very satisfactory 
generalization of the theorem on cones of type two. Our present 
results (in $92, 3)) include generalizations of the theorems on semi- 
algebras of types zero and one and an extension of Pryce’s theorem. 
In $4, using results from Gavin Brown [4], we draw conclusions from 
the very weak assumption that a closed wedge is stable under squaring. 
2. CLOSED SEMI-ALGEBRAS OF TYPES ZERO AND ONE 
Notation. Let E be a topological space. A subset A of C(E, R) 
is said to be closed if it is closed in the topology of uniform convergence 
on compact sets, i.e. in the locally convex topology given by the semi- 
norms 1 * IK corresponding to compact subsets K of E, where 
If IK = SUPU f(x)1 : x E a 
We denote by -A the equivalence relation on E given by writing 
x -A y whenever f(x) = f( r) f or all f E A. Given an equivalence 
relation - on E, we denote by C(E, Rf, -) the set of all elements f 
of C(E, R+) such that f (x) = f ( y) whenever x - y. 
By a cone in C(E, R+) we mean a non-empty subset A such that 
f,gEz4,XER+ *f+g,hfeA. 
A semi-a&ebra in C(E, R+) is a cone A such that also 
f,gEA *fgEA. 
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A cone is of trpe zero if it is stable under the function x --+ (1 + x)-l, 
and is stable under squaring if it is stable under the function x -+ x2. 
For linear spaces it is obvious that stability under squaring implies 
stability under multiplication, for 
fg = HU + R)” - (f-d”>; 
but in general a cone stable under squaring need not be a semi-algebra. 
It is interesting that this implication does hold, after all, for the cones 
under consideration in the present section. 
LEMMA 1. Let 0 E C(R+, R+), Q(O) = 1, lim,,, Q(x) = 0. Let 
K be compact, and let A be a closed cone in C(K, Rf) stable under @ 
and under squaring. Then A is stable under every element of C(R+, Rf) 
that decreases with respect to the usual ordering of R+. 
Proof. Let F be a decreasing element of C(R+, R+), let f E A, 
and suppose that F 0 f g! A. S ince A is a closed cone, there exists 
a continuous linear functional p on C(K, R) such that 
P(F”f) = 1, EL(a) < 0 (a E A). (1) 
Given 01 > 0, let 
By the countable additivity of the measure 1 p /, there exists a countable 
subset r of Rf such that the set (x E E :f(x) = a} is a / p ]-null set 
whenever 01 does not belong to r. Therefore 
lim @ ((Aj(x))‘) = u,(x) n-02 a.e. (I p I), (2) 
whenever 01 > 0 and (Y $ r. Since @ 0 ((l/a) f )2” E A, (1) and (2) and 
Lebesgue’s theorem of bounded convergence give 
Given E > 0, we choose real numbers iyO, ~yi ,..., ar, such that 
O=cro<cul<...<“n,IfIK~~,,arl,...,or,,~r,F(ork-l)-F(~k) <E 
(k = I,..., n), and take 
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Given x E K, let K be the least positive integer for whichf(x) < ak . 
Then g(x) = F(olk), and olli-i <f(x) < ak . Since F is a decreasing 
function, this gives F(olk) < F(~(x)) < F(nk-i), and so 
Therefore 
These inequalities contradict (1) for sufficiently small E. 
LEMMA 2. Let @ E C(R+, R+), Q(O) = 0, lim,,, G’(X) = 1. Let K 
be compact, and let A be a closed cone in C(K, R+) that contains 1 
and is stable under @ and under squaring. Then 
(i) A is stable under every element of C(R+, R+) that increases 
with respect to the usual ordering of R+; 
(ii) A is a semi-algebra. 
Proof. (i) Let F be an increasing element of C(R+, R+), let f E A, 
and suppose that F 0 f 4 A. Let 
44 = I 
1 if f(X) > OL 
0 if f(X) < (Y. 
The proof of Lemma 1 is adapted with v, in place of u,, , and with g 
replaced by h defined by 
h = Qd + {Oil - Wo)} wax + -** + VT4 - WLI)) vmm - 
(ii) In particular, A is stable under the functions exp and log+. 
Iff,gEAandf > 1,g > l,then 
fg = exp(log(fg)) = edlogf + log g) = exp(log+f + log+ g) E A. 
Given arbitrary f, g E A and E > 0, it follows that 
(f+~)(g+s)=.P(~f+l)(~g+l)EA, 
and so fg E A. 
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Remark. If we do not assume that 1 E A, then without change of 
the proof we can conclude that A is stable under all increasing 
elements F of C(R+, R+) such that F(0) = 0. In fact, in the proof of(i) 
we only need 1 E A because of the presence of the term F(ol,) in the 
definition of h. The conclusion that A is a semi-algebra also remains 
true without the assumption that 1 E A, but some change in the proof 
is needed. A is stable under log+ and under x -+ exp x - 1. Given 
f, g E A and a positive integer n we consider 
h, = f {exp(log+ nf + log+ ng) - I}, 
and prove that h, -+ fg uniformly as n + co. 
THEOREM 1. Let @ E C(R+, R+), Q(O) # 0, lim,,, Q(X) = 0. 
Let A be a closed cone in C(E, R+) stable under @ and under squaring. 
Then 
(i) A is a closed type zero semi-algebra; 
(ii) A = B n C(E, R+), h w ere B is a closed subalgebra of C(E, R) 
containing 1; 
(iii) A = C(E, Rf, wA); 
(iv) A is stable under all element of C(R+, R+). 
Proof. We prove the theorem under the assumption that E is 
compact, the deduction of the general theorem being then a routine 
matter. We also assume that Q(O) = 1. By Lemma 1, A is stable 
under all decreasing elements of C(R+, R+), and is therefore a type 
zero cone, and is stable under the function F given by F(x) = (1 - x)+. 
Therefore A is stable under F 0 @. But (F 0 Q)(O) = 0 and 
lim,,, (F 0 a)(x) = 1. Al so, since 0 E A and Q(O) = 1, A contains 1. 
Thus Lemma 2 is applicable, and we conclude that A is a semi- 
algebra. This proves (i), and it is known that this is equivalent to (ii) 
and (iii) ([I], [2]). Finally (iv) follows at once from (iii). 
Notation. A cone is of type one if it is stable under the function 
x --+ X(1 + x)-i. 
Given a subset A of C(E, R+), we denote by GA the relation of 
quasi-order (transitive and reflexive relation) on E given by 
* GAY -fW <f(Y) (f EA). 
Given a relation < of quasi-order on E, we denote by C(E, Rf, <) 
the set of all f in C(E, R+) such that f (x) <f(y) whenever x < y. 
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THEOREM 2. Let @ E C(R+, Rf), Q(O) = 0, lims+m Q(x) = 
A E R+\(O). Let A be a closed cone in C(E, R+) that contains 1 and is 
stable under @ and under squaring. Then 
(i) R is a closed type one semi-algebra containing 1; 
(ii) A = C(E, Rf, <,). 
Proof. Again we prove the theorem for compact E, and we assume 
that h = 1. Then Lemma 2 is applicable and (i) is immediate. That (i) 
is equivalent to (ii) is known [I]. 
3. CLOSED CONES OF TYPE Two 
Let 21z, denote the set of all elements of C(R+, R+) that increase 
with respect to the natural ordering of R+, ‘%a the set of all elements 
of ‘Sz, that are convex on Rf, and ‘%a,, the set of all elements f of ‘%a 
such that f (0) = 0. 
LEMMA 3. Let @ E 9l, and limz+m Q’(X) - (X - 1) = 0. Let F, = @, 
F, = @OF,-, (n = 2, 3,...). Then 
$(nx) ---f (x - l)+ 
uniformly on Rf as n --+ co. 
Proof. Given E > 0, there exist positive integers N, M such that 
1 Q(x) - (x - 1)I < E (x 2 M), (1) 
and NE > M. Let x > 1 + 2~ and n > N. Then, in turn, 
nx > n(x - 1 - E) > NE > M, (2) 
j @(nx) - (nx - 1)1 < E. (3) 
We prove that 
1 F&x) + k - nx 1 < kc (1 < k < n). (4) 
The case k = 1 of (4) is given by (3). Assume that the inequality (4) 
holds for some k < n. Then, by (2), 
Fk(nx) > nx - k - ke > n(x - 1 - c) > M; 
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and so, by (l), 
i.e. 
I @(FJcW) - (F7cW - 111 < % 
I F,+,(m) + 1 - F!&x)l < 6. 
Combining this with the inequality assumed for Fk , we have 
/F,+,(m) + (k + 1) - 1Zx 1 < (k + 1) 6. 
Thus (4) is proved, and we have, in particular, 
j iF,(nx) - (x - I)/ < E (x > 1 + 2E, n > IV). 
This gives 
$(n( 1 + 26)) < 3E @ b W, 
(5) 
and therefore, since F, E ‘%, , 
$(nx, < 3E (0 < x < 1 + 25 n > N). 
Combining this with (5), we have 
p&x, - (x - 1>+ 1< 3E (n 3 N, x E R+). 
LEMMA 4. Let @ be as stated in Lemma 3, let u denote the identity 
mapping of R+ onto R+, and let W be a closed cone in C(R+, R+) 
thut contains u and is stable under @. Then 5X2,, C W. 
Proof. With the notation of Lemma 3, we have 
$(n*) + (x - l)+ 
uniformly on R f. Given 01 > 0, replacement of x by (1 /ct) x gives 
fF,0 
( 1 
i u + (u - a)’ 
uniformly. Since W is closed in the topology of uniform convergence 
on compact sets, and (a/n) F, 0 ((n/a) u) E W, we have 
(u - a)+ E W (a > 0). (1) 
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Suppose now that f E +211,,, , that K is a compact subset of R+, and 
that E > 0. Choose aa, aI ,..., ayn. such that 0 = (Y,, < aI < *** < a, , 
K C [0, an], and 
f(Q) -f(ak-l) < E (1 < k d n). 
Let rBk = f(d A, = (I% - Bk-l)/(~k - ~.d 
g = h,u + (4 - WJ - JIJf + (A3 - h)(u - 4+ + ..- 
+ (42 - hz-& - %I-1)‘. 
Since fE2ls, Xk+l > & 3 0, and so, by (l), gE W. Also g has a 
piecewise linear graph and 
g(qc) = f(%) (k = 0, l,..., 4; 
and therefore, since f is an increasing function, 
Since W is closed, this proves that f~ W. 
THEOREM 3. Let @ E 91z, and lim,,, Q(x) - (x - 1) = 0. Let A 
be a closed cone in C(E, R+) stable under @. Then A is stable under all 
elements of 211,,, . 
Proof. Let W denote the stabilizer of A, i.e. the set of all elements 
F of C(R+, R+) such that A is stable under F. Given a E A, consider 
the mapping F + F 0 a of C(R+, R) into C(E, R). Since, for each 
compact set K in E, a(K) is compact and 
I F 0 a IK = I F law s 
this mapping is continuous. Therefore the inverse image of A with 
respect to this mapping is closed. Thus W is an intersection of closed 
sets and is therefore closed. Similarly W is a cone, and it obviously 
contains the identity mapping u of R+ onto R+ and is stable under @. 
Therefore Lemma 4 is applicable and Ha,, C W. 
Remarks (1). %,,a contains the functions xA with h > 1, x2/( 1 + x), 
(x - a)+ with ,l 3 0. Thus 
fEA =>fA, &, (f-ll)‘EA. 
This shows that A is stable under squaring, type two and reductive. 
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(2). Theorem 3 differs from the corresponding theorem of 
J. D. Pryce [S] in that we require only that @ E ‘$I1 and not that 
@ E ‘%a . The proof is also substantially different. 
(3). The proof of Theorem 3 is much more direct and elementary 
than the proofs of Theorems 1 and 2. It seems possible that a more 
sophisticated argument might yield the conclusion of Theorem 3 
for every @ E C(R+, R+) such that Q(O) = 0 and 
)ZE @p(x) - (Lx - 1) = 0. 
4. CLOSED WEDGES STABLE UNDER SQUARING 
A wedge in C(E, C) is a subset W such that 
f,gEW, hsR+ =s-f +g, AfeW. 
Note that we do not assume that W n (- IV) = (0). 
THEOREM 4. Let E be compact, let W be a closed wea!ge in C(E, C) 
stable under squaring, and let U = (- W) n C(E, R+). Then U - U 
is a closed subalgebra of C(E, R), and 
U = (U- U)nC(E,R+). 
Proof, It is plain that U is a closed cone in C(E, R+). We note 
first that 
(U- W)nC(E,R+)C U, (1) 
for 
(U- W)nC(E,R+)C(-W- W)nC(E,R+)C(-W)nC(E,R+). 
It follows that 
fe u, 1 -feC(E,R+) * 2f -f2EU, (2) 
for obviously 2f - f * = 2f - (-f )* E (U - w) n C(E, R+). By the 
square root algorithm (see Gavin Brown [4], Lemma 2), (2) gives 
f E u 3 fll= E u. (3) 
Given f E U, we now have f II2 E U, -f 1/Z E W, f = (-f 1/2)2 E W; 
i.e. 
UC w. (4) 
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We prove next that 
fE u 3 f" E 1'. (5) 
Since K is compact we need only consider f E U with f < 1. By (4), 
f E IV, and so f 2 E IV. Therefore, by (l), f-f 2 E U. By a further 
application of (4) and (I), we have 
f'=f-(f-f')EU, 
and (5) is proved. 
It follows from (3) and (5) (See G avin Brown [4], Lemma 3) that U 
is an upper semi-lattice, i.e. 
f,gE U *f Ug = max(f,g)E U. 
But then, by (4) and (l), 
U is a lattice, (6) 
for, given f, g E U, we have 
f”g=f+g-(fug)E(U-W)nC(E,R+)CU. 
Given f, g E U with f > g, (4) and (1) give f - g E U and then (5) 
gives (f - g)” E U. Also (f + g)” E U, and so by (4) and (1) again 
fg = H(f3-gY - (f-g)">E IrJ. 
We now prove that 
CT is a semi-algebra. (7) 
Given ,f, g E U, we have f + g E U and f + g 2 f. Therefore 
f(f+g)E U. Then,by 3, 4), 11, 
fg =f(f +g) -f”E c; 
and (7) is proved. 
We note that, by (6) and (l), 
f,gEU+-(f-g)uO=(fLJg)-ggu. 63) 
It is now easy to prove that 
(9) U - U is closed. 
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I,etfn ,g, E U and f = limn-tm f, - g, . Then, by (8), ( fn - gn) U 0 E iY. 
Since U is closed and f u 0 = limn+ (f, - gn) U 0, this gives 
f u 0 E U. Similarly (-f) u 0 E U, i.e. f n 0 E - U, and so 
f=(fuO)+(fnO)EU-u. 
By (7) and (9), U - U is a closed subalgebra of C(E, R). Finally, 
by 4) and 1) 
U= (U- U)nC(E,R+). 
Remark. The interest of Theorem 4 lies in the strength of the 
conclusions drawn about U from very weak assumptions on the 
wedge W’. 
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